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Abstract. In this paper we call a real-valued function A^g-ward continuous if 
it preserves A'a-quasi-Cauchy sequences where a sequence a = (cvfc) is defined 
to bo A^g-quasi-Cauchy when the sequence Act is in Ng . We prove not only 
inclusion and compactness type theorems, but also continuity type theorems. 



1. Introduction 

The concept of continuity and any concept involving continuity play a very im- 
portant role not only in pure mathematics but also in other branches of sciences 
involving mathematics especially in computer science, information theory, biological 
science. 

A real function / is continuous if and only if, for each point ao in the domain, 
lim„_>oo /(ttn) = f{ao) whenever lim„^oo ctn = ao- This is equivalent to the 
statement that (/(a„)) is a convergent sequence whenever (an) is. This is also 
equivalent to the statement that (/(a„)) is a Cauchy sequence whenever (a„) is 
provided that the domain of the function is either whole 9? or a bounded and closed 
subset of 3? where 9? is the set of real numbers. These well known results for 
continuity for real functions in terms of sequences might suggest to us giving a new 
type of continuity, namely, Ng-ward continuity. 
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The purpose of this paper is to introduce a concept of iVe-ward continuity of a 
real function and a concept of Ng-waxd compactness of a subset of 3? which cannot 
be given by means of any G and prove some theorems. 

2. Preliminaries 

We will use boldface letters a, x, y, z, ... for sequences a = (afe), P = {Pn), 
X = {xn), y = iVn), z = {zn), ■■■ of points in 5i for the sake of abbreviation, s and 
c will denote the set of all sequences, and the set of convergent sequences of points 
in 3?. 

A subset of 3? is compact if and only if it is closed and bounded. A subset A of 
K is bounded if |a| < M for all a e ^ where M is a positive real constant number. 
This is equivalent to the statement that any sequence of points in A has a Cauchy 
subsequence. The concept of a Cauchy sequence involves far more than that the 
distance between successive terms is tending to zero. Nevertheless, sequences which 
satisfy this weaker property are interesting in their own right. A sequence (a„) of 
points in 5R is quasi-Cauchy if (Aa„) is a null sequence where Aa„ = a„+i — a„. 
These sequences were named as quasi-Cauchy by Burton and Coleman [5], while 
they were called as forward sequences in [14], (see also [31], and [30]). 

It is known that a sequence (a„) of points in 5R is slowly oscillating if 

lim lim„ max I ccfc — a„ I =0 

A->-l+ n+l<fe<[An] 

where [An] denotes the integer part of An. This is equivalent to the following if 
am — whenever 1 < ^ — >• 1 as, m, n — )■ oo. Using e > s and 5 s this is also 
equivalent to the case when for any given e > 0, there exist S = 5{e) > and a pos- 
itive integer N = N{£) such that \am — a„| < £ if n > N{e) and n < m < {1 + 5)n 
(see [21]). Any Cauchy sequence is slowly oscillating, and any slowly oscillating se- 
quence is quasi-Cauchy. There are quasi-Cauchy sequences which are not Cauchy. 
For example, the sequence (\/n) is quasi-Cauchy, but Cauchy. Any subsequence 
of a Cauchy sequence is Cauchy. The analogous property fails for quasi-Cauchy 
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sequences, and fails for slowly oscillating sequences as well. A countercxaniple for 
the case, quasi- Cauchy, is again the sequence (a„) = (v^) with the subsequence 
(a„2) = (n). A counterexample for the case slowly oscillating is the sequence 
{logion) with the subsequence (n). Furthermore we give more examples without ne- 
glecting (see [40]): the sequences {J2kLi ^)) QiT' QiT' QiT' '^))) QiT' Qn- (^^^))) ^^'^ 
combinations like that are all slowly oscillating, but Cauchy. The bounded sequence 
{cos{6log{n + l))) is slowly oscillating, but Cauchy. The sequences {cos{iT^/n)) and 
(Sfe=i (i)(Sj=i })) ''^^'^ quasi-Cauchy, but slowly oscillating (see also [7], [20], and 
[13]). 

By a method of sequential convergence, or briefly a method, we mean a linear 
function G defined on a subspace of s, denoted by cq, into A sequence x = (a;„) 
is said to be G-convergent to ^ if x e cg and G(x) = £ (see [8]). In particular, lim 
denotes the limit function lim x = lim„ a;„ on the subspace c. A method G is called 
regular if c C cq, i-e. every convergent sequence x = (a;„) is G-convergent with 
G(x) = limx. 

Now we discuss some special classes of methods of sequential convergence that 
have been studied in the literature for real or complex number sequences. Firstly, for 
real and complex number sequences, we note that the most important transforma- 
tion class is the class of matrix methods. Consider an infinite matrix A = {ank)'?^k=i 
of real numbers. Then, for any sequence x = (a;„) the sequence Ax is defined as 

oo 

Ax — ( ^ ^ ^nk^k^n 
k=l 

provided that each of the series converges. A sequence x is called A-convergent (or 
A-summable) to £ if Ax exists and is convergent with 

oo 

lim Ax — lim cinkXk = ^• 

n— ^oo ^ 
fe=l 

Then £ is called the A-limit of x. We have thus defined a method of sequential 
convergence, i.e. G(x) = lim Ax, called a matrix method or a summability matrix. 
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A subset A of is G-scqucntially compact if any sequence x of points in A has a 
subsequence z such that G(z) G A. 

The Hahn-Banach theorem can be used to define methods which are not gen- 
erated by a regular summabihty matrix. Banach used this theorem to show that 
the hmit functional can be extended from the convergent sequences to the bounded 
sequences while preserving linearity, positivity and translation invariance; these ex- 
tensions have come to be known as Banach limits. If a bounded sequence is assigned 
the same value i by each Banach limit, the sequence is said to be almost convergent 
to £. It is well known that a sequence a = (a„) is almost convergent to £ if and 
only if 



uniformly in j. Any almost convergent sequence is almost quasi- Cauchy, but the 
converse is not always true. 

The idea of statistical convergence was formerly given under the name "almost 
convergence" by Zygmund in the first edition of his celebrated monograph published 
in Warsaw in 1935 [42]. The concept was formally introduced by Fast [23] and later 
was reintroduced by Schoenberg [38] , and also independently by Buck [4] . Although 
statistical convergence was introduced over nearly the last seventy years, it has 
become an active area of research for twenty years. This concept has been applied 
in various areas such as number theory [22], measure theory [36], trigonometric 
series [42] , summability theory [25] , locally convex spaces [32] , in the study of strong 
integral summability [19], turnpike theory [35], [34], [37], Banach spaces [18], and 
metrizable topological groups [6], and topological spaces [33], [15]. It should be 
also mentioned that the notion of statistical convergence has been considered, in 




uniformly in j. This defines a method of sequential convergence, i.e. 



G{a.) := almost limit of x. 



We call a sequence a = (q;„) almost quasi-Cauchy if 




k=l 
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other contexts, by several people like R.A. Bernstein, Z. Frolik, etc. The concept of 
statistical convergence is a generalization of the usual notion of convergence that, 
for real-valued sequences, parallels the usual theory of convergence. A sequence 
{ak) of points in 5i is called statistically convergent to an element f of SR if for each 

£ 



and this is denoted by st — linife_>oo oik = t [26] (see also [10]). 

A sequence ot — (q!„) of real numbers is called Abel convergent (or Abel sum- 
mable) to (. if the series S^Qa^a;'' is convergent for < a; < 1 and 



In this case we write Abel — lim a„ = I. The set of Abel convergent sequences will 
be denoted by A. Abel proved that if lim„_>.oo ctn = ^, then Abel — lima„ = i.e. 
every convergent sequence is Abel convergent to the same limit ([1], see also [39], 
and [27]). As it is known that the converse is not always true in general, as we see 
that the sequence ((—!)") is Abel convergent to but convergent in the ordinary 
sense (see [16]). 

Now we recall the definitions of ward compactness, and slowly oscillating com- 
pactness. 

Definition 1. ([14]) A subset A of 3? is called ward compact if whenever (a„) is 
a sequence of points in A there is a quasi-Cauchy subsequence 2, = [zk) = (a„j.) of 



n— >oo n 



lim -\{k<n: \ak - i\ > e}\ = 0, 




fc=o 



(a„). 



Definition 2. ([7], [13]) A subset ^ of K is called slowly oscillating compact if 
whenever (a„) is a sequence of points in A there is a slowly oscillating subsequence 
z = {zk) = (q;„J of {an). 
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In an unpublished work, Qakalli called a sequence (afe) of points in 3? statistically 
quasi-Cauchy if 

st — lim Aa/j = 0. 

Any quasi-Cauchy sequence is statistically quasi-Cauchy, but the converse is not 
always true. Any statistically convergent sequence is statistically quasi-Cauchy. 
There are statistically quasi-Cauchy sequences which are not statistically conver- 
gent. 

Now we recollect the following two definitions of an unpublished work of ^akalli . 

Definition 3. A subset A of 3? is called statistically ward compact if whenever 
{an) is a sequence of points in A there is a statistical quasi-Cauchy subsequence 
z = {zk) = (an J of {an). 

Definition 4. A function defined on a subset A of is called statistically ward 
continuous if it preserves statistically quasi-Cauchy sequences, i.e. (/(a„)) is a 
statistically quasi-Cauchy sequence whenever (a„) is. 

Now we give the following definition. 

Definition 5. A subset ^ of 5R is called almost ward compact if whenever (q!„) is 
a sequence of points in A there is a almost quasi-Cauchy subsequence z = {zk) = 
("nfc) of {an). 

A sequence a = {ak) is called strongly Cesaro summable to a real number i if 
lim„_>.oo ^ J2^=i l^i —^1=0. This is denoted by \Ci \ — limak = L The set of all 
strongly Cesaro summable sequences is denoted by |(7i|. A sequence a = {ak) is 
called strongly Cesaro quasi-Cauchy if lim„_j.oo ^ l^i — ai+\ \ = 0. The set of 

all strongly Cesaro quasi-Cauchy sequences is denoted by |AfTi|. 

By a lacunary sequence 6 = {kr), we mean an increasing sequence 9 = {kr) of 
positive integers such that fco = and hr : kr — kr-i oo. The intervals determined 
by will be denoted by Ir = {kr-i, kr], and the ratio -j^^ will be abbreviated by 

9r- 
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Sums of the form X^fc"^ 



-1+1 



\ak\ frequently occur, and will often be written for 



convenience as X^fce/^ l^*^!' 

The notion of Ng convergence was introduced, and studied by Freedman, Sember, 
and M. Raphael in [24]. A sequence (afe) of points in 5i is called A^g- convergent to 
an element f of R if 



and it is denoted by Ne — lim ak = t- Throughout the paper c, S, Nq will denote 
the set of convergent sequences, the set of statistical convergent sequences, the set 
of convergent sequences of points in R, respectively. 

Connor and Grosse-Erdmann [17] gave sequential definitions of continuity for real 
functions calling it G-continuity instead of ^-continuity and their results cover the 
earlier works related to A-continuity. In particular, lim denotes the limit hmction 
limx = lim„ a;„ on the subspacc c, and st — lim denotes statistical limit function 
st — limx = st — limxn on the subspace, S, and Ng — lim denotes Af^i-limit function 
Ng — limx = Ng — limXn on the subspace, N$. We see that lim, st — lim, and 
Abel — lim are all regular methods without any restriction. N^ — lim is regular under 
the condition lim in fr Qr > 1- A function / is called G-sequentially continuous at 
w e 3? provided that whenever a sequence x of terms in 9?, then the sequence 
/(x) = {f{xn)) is G-convergent to f{u). 

Recently, (^akalli gave a sequential definition of compactness, which is a gen- 
eralization of ordinary sequential compactness, as in the following: a subset A of 
K is G-sequentially compact if for any sequence {ak) of points in A there exists a 
subsequence z of the sequence such that G{z) e A. His idea enables to obtain new 
kinds of compactness via most of the non-matrix sequential convergence methods, 
for example Abel method, as well as all matrix sequential convergence methods. 
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3. A^g-SUMMABLE SEQUENCES 

We call a sequence (a/j) of points in 5i, TVg-convergent to I if 

Nq — lim afe = I. 

fc— >oo 

Any convergent sequence is Af^-convergent, but the converse is not always true. 

Throughout the paper \a\\ and will denote the set of strongly Cesaro conver- 
gent sequences and the set of A'^g-convergent sequences of points in 3?, respectively. 
In this section, wc will assume that lim in/r > 1 • 

Now we give the definition of iV^i-sequentially compactness. 

Definition 6. A subset A of is called iVe-scquentially compact if whenever (a„) 
is a sequence of points in A there is a A'^g- convergent subsequence z = [zk) = {(ink) 
of (a„) whose A^^-limit in A . 

Lemma 1. The sequential method Ng is subsequcntial. 

Theorem 2. A subset ^ of 3? is sequentially compact if and only if it is Ng- 
sequentially compact. 

Proof. Let A be any bounded closed subset of 3f and (a„) be any sequence of points 
in A. 

As A is sequentially compact there is a convergent subsequence (q:„j.) of (a„) 
whose limit in A. This subsequence is A^^i-convergent since A^e-method is regular. 

Thus (a) implies (b). The proof of the sufficiency follows from Lemma 1. Thus 
the proof of the theorem is completed. 

□ 

A sequence a = (a„) is (5-quasi-Cauchy if limfc_5.oo A^a„ = where A^a„ = 
a„+2 — 2a„+i + a„ ([H])- A subset A of JR is called (5-ward compact if whenever 
Oi = {oin) is a sequence of points in A there is a subsequence z = {zk) = {ctuh) of o: 
with limfe_>(X) A^2;fe = 0. It follows from the above theorem that any A^e-sequentially 
compact subset of 3? is ^-ward compact. 
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We see that for any regular subsequential method G defined on 3?, if a subset 
>1 of 3? is G-sequentially compact, then it is -/V^-sequentiaUy compact. But the 
converse is not always true. 

Definition 7. A subset ^ of 3? is called strongly Cesaro compact if whenever 
(a„) is a sequence of points in A there is a strongly Cesaro summable subsequence 
z = {zk) = {ctuk) of {o-n) to a strongly Cesaro limit that belongs to A. 

Definition 8. A function defined on a subset A of 3? is called strongly Cesaro 
continuous if it preserves strongly Cesaro summable sequences, i.e. (/(a„)) is a 
strongly Cesaro quasi-Cauchy sequence whenever (a„) is. 

In connection with iVg- convergent sequences and convergent sequences the prob- 
lem arises to investigate the following types of continuity of functions on 3? under 
the condition that lira, in Qr > I- 

(Ne): (an) e Ne ^ (/(a„)) e A^^ 
(Nee): (a„) £ Ng =^ (/(«„)) € c 
(c): (a„) G c ^ (/(««)) € c 
(cNg): (a„) e (/K)) € Ng 
(Ne): {an) e Ng ^ (/(q„)) e Ng 

We see that (A^^i) is A^e-continuity of /, {Ng) is A^g-continuity of /, and (c) is the 
ordinary continuity of /. It is easy to see that {6Ngc) implies {Ng), and {Ng) does 
not imply {Ngc); and {Ng) implies {cNg), and {cNg) does not imply {Ng); {Ngc) 
implies (c), and (c) does not imply {Ngc); and (c) is equivalent to {cNg). 

Now we give the implication {Ng) implies {Ng), i.e. any A"e-continuous function 
is A^9-continuous. 



Lemma 3. A regular sequential method G is subsequential if and only if A = ^4 
for every subset A of 3?. 

Lemma 4- If a function / is G-sequentially continuous on 3?, then f{A ) c f{A) 
for any subset A of 3?. 
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Theorem 5. Let liminfr qr > I. A function / is A^e-continuous on a subset A of 
3? if and only if it is continuous on A. 

Proof. The proof easily follows from Lemma 1, Lemma 3, and Lemma 4, so is 
omitted. 



Corollary 6. Let limm/r > 1. A real function is A'^i-continuous if and only if 
it is G-continuous for any regular subsequential method G. 

4. A^9-quasi-Cauchy sequences 
We call a sequence (a/j) of points in 3? A^^- quasi- Cauchy if 

Ne - lim Aa^ = 0. 



Any quasi-Cauchy sequence is A^e-quasi-Cauchy, but the converse is not always 
true. Wc sec that a convergent sequence is A^-quasi-Cauchy. There arc A'e-quasi- 
Cauchy sequences which arc not A'o-convcrgcnt. Throughout the paper Act J and 
AA^^ will denote the set of strongly Cesaro quasi-Cauchy sequences and the set of 
A^0-quasi-Cauchy sequences of points in 5i, respectively. 

Here we give some inclusion properties between the set of statistically quasi- 
Cauchy sequences and the set of A^e- quasi-Cauchy sequences. 
Theorem 7. For any lacunary sequence 6, \^(J\\ C AAT^ if and only if 



Proof. Sufficiency. Let us first suppose that Um inf qr > 1, lim inf qr = a, say. 



□ 



lim inf qr > I. 



Write 6 = 



Then there exists a positive integer A^ such that qr > 1 + b for 



r > N. Since hr = kr — fcr-i, we have 



^ < ^ and %^ < i for r > AT. 

rir — o n-r — o — 

Let {ak) e IAct?]. Write U = ^Efce/. I^^fcl- Then 
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The sequences {-^ X^fc^i ^^'^ (iTT Si=i^ l^cc*!) both converge to 0, and it 

foUows that that (ak) G AiV^. 

Necessity. Now let us suppose that lim inf Qr = 1. Then we can choose a 
subsequence {kr^ ) of the lacunar y sequence 9 such that 

Kj . 1 



and 

— 1 



<1+- 



>J 



where rj > rj-i +2. Now define a sequence (uk) by a/j = 1 + ^~^^2^^ if k G Ir^ 
for some j = 1, 2, ...,n, and afe = otherwise. It follows that a ^ A^,^. However 
the sequence (a^) defined in this way is strongly Cesaro-quasi-Cauchy. 

□ 

Theorem 8. For any lacunary sequence 6, ANg c |AcrJ| if and only if 

lim sup Qr < oo. 

Proof. Sufficiency. If lim sup Qr <oo, then we can find an H > such that Qr < H 
for any positive integer r. Let a G ANg and £ > 0. Then there exist an no € A'' 
and a positive real number K such that Tj < £ for i > no and Ti < K for all i G N. 
Then if n is any positive integer with fc^-i < n < kr, where r > no, we have 
^ELi lAad <T^Eti lAa^l = ^(E/, |Aad |Aa,| + ... + Ez, |Aa,|) 



Now it follows that i X;»=i |Aai| < ^ E^^i l^ail = 0- Hence a e |Ac7?|. 

Necessity. To prove that if ATVg c AS', then lim sup Qr < oo, suppose that 
lim sup Qr = oo. Let c be a fixed positive real number. Select a subsequence {kr^) 
of the lacunary sequence 6 = {kr) such that qr^ > j, kr^ > j + 3, and define a 
sequence (uk) by afc = c + '^"'"^ if fcr^-i < k < 2krj-i for some j = 1, 2, and 
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ttfe = otherwise. An easy calculation shows that a E AA^g. However a ^ |A(tJ|. 
This completes the proof of necessity hance the proof of the theorem. □ 

Combining Theorem 7 and Theorem 8 we have the following: 
Corollary 9. Let 9 be any lacunary sequence. AiVg = |Acr°| if and only if 

1 < lim inf qr < lim sup qr < oo. 

Corollary 10. Let 9 be any lacunary sequence. ANg = \A(7i\ if and only if 
\ai\=N0. 

In the sequel, we will always assume that lim in fr qr > 1- 
Now we give the definition of -/Vg-ward compactness. 

Definition 9. A subset A of K is called AT^-ward compact if whenever (a„) is a 
sequence of points in A there is a A^g-quasi-Cauchy subsequence z = (zk) = {(ink) 
of {an). 

Theorem 11. A subset A of 3? is bounded if and only if it is A^g-ward compact. 

Proof. Although there is a proof for the of lacunary statistical quasi-Cauchy se- 
quences in an unpublished work of Qakalli, we give a proof for completeness. Let A 
be any bounded subset of 9? and (a„) be any sequence of points in A. (an) is also 
a sequence of points in A where A denotes the closure of A. As A is sequentially 
compact there is a convergent subsequence (a„^ ) of (a„) (no matter the limit is in 
A or not). This subsequence is A^g-convergent since A^g-method is regular. Hence 
(a„j^) is A^e- quasi-Cauchy. Thus (a) implies (b). To prove that (b) implies (a), 
suppose that A is unbounded. If it is unbounded above, then one can construct a 
sequence (a„) of numbers in A such that an+i > 1 + for each positive integer n. 
Then the sequence (a„) does not have any A^^-quasi-Cauchy subsequence, so A is 
not A^e-ward compact. If A is bounded above and unbounded below, then similarly 
we obtain that A is not A^e-ward compact. This completes the proof. □ 
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Corollary 12. A closed subset of 3? is Ng-vfaid compact if and only if it is N0- 
scqucntially compact. 

Corollary 13. A subset of JR is Ng-ward compact if and only if it is statistically 
ward compact. 

A sequence a = (an) is 5-quasi-Caucliy if limfe^oo A^ckti = where A^a„ = 
a„+2 — 2a„-|-i + a„ ([11]). A subset A of is called ^-ward compact if whenever 
ct = {an) is a sequence of points in A there is a subsequence z = {zk) = {ctnk) of 
a with limfc_>oo ^^Zk = 0. It follows from the above theorem that any AT^i-ward 

compact subset of 3? is (5- ward compact. 

We note that iVg- quasi- Cauchy sequences were studied in [2] in a different point 
of view. 

We see that for any regular subsequential method G defined on 9?, if a subset A 
of 5i is G-sequentially compact, then it is No- ward compact. But the converse is 
not always true. 

Definition 10. A subset A of 5f is called strongly Cesaro compact if whenever 
(q!„) is a sequence of points in A there is a strongly Cesaro summable subsequence 
z = (zk) = (oJnfe) of (a„) to a strongly Cesaro limit that belongs to A. 

Definition 11. A subset A of 3? is called strongly Cesaro ward compact if when- 
ever (a„) is a sequence of points in A there is a strongly Cesaro quasi-Cauchy 
subsequence z= (zk) = {ctnk) of (q!„). 

5. Ne-WARU CONTINUITY 

Definition 12. A function defined on a subset A of 5i is called strongly Cesaro 
continuous if it preserves strongly Cesaro summable sequences, i.e. (/(q!„)) is a 
strongly Cesaro quasi-Cauchy sequence whenever (a„) is. 

Definition 13. A function defined on a subset A of 3? is called strongly Cesaro 
ward continuous if it preserves strongly Cesaro quasi-Cauchy sequences, i.e. (/(a„)) 
is a strongly Cesaro quasi-Cauchy sequence whenever (a„) is. 
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Now we give the definition of A^^-ward continuity in tfie following. 

Definition 14. A function defined on a subset ^ of 5J is called A^e-ward contin- 
uous if it preserves A^g-quasi-Cauchy sequences, i.e. (/(afe)) is a iVg-quasi-Cauchy 
sequence whenever (ak) is. 

We note that TV^i-ward continuity cannot be obtained by any sequential method 

G. 

A composition of two A^e-ward continuous functions is A'e-ward continuous. Sum 
of two A^g-ward continuous functions is A^g-ward continuous, but product of N$- 
ward continuous functions need not be A^e-ward continuous. 

In connection with A^g-quasi-Cauchy sequences and convergent sequences the 
problem arises to investigate the following types of continuity of functions on SR. 

(SNe): (an) € AN° ^ (/(a„)) e AA^o 
(SNec): (an) € AN^ ^ (/(a„)) e c 
(c): (a„) e c if {an)) e c 
{c6Ne): (an) e c ^ (/(«„)) e AA^o 
{my. (a„) e N° ^ (/(«„)) e N° 

We see that {6N0) is A^g-ward continuity of /, {Ng) is A^^-continuity of /, and 
(c) is the ordinary continuity of /. It is easy to see that {6Ngc) implies (SNg), and 
(SNg) does not imply {5Ngc); and {SNg) implies {cSNg), and {cSNg) does not imply 
(SNg); (SNgc) implies (c), and (c) does not imply {6Ngc); and (c) is equivalent to 
{c6Ne). 

Now we give the implication {SNg) implies {Ng), i.e. any A^ji-ward continuous 
function is A^g-continuous. 

Theorem 14- If / is A^g-ward continuous on a subset A of 5i, then it is Ng- 
continuous on A. 
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Proof. Assume that / is a TVg-ward continuous function on a subset A of SR. Let 
(a„) be any iV^i- convergent sequence with Ng — \imk^aa olu = olq. Then the sequence 

{ai,aQ,a2,ao, a„_i, ao, ^o, •••) 

is A^6»-convergent to ao- Hence it is iV^i-quasi-Cauchy. As / is A^e-ward continuous, 
the sequence 

(/(ai), /(Q!o), /(a;2), /(ao), /("n-i), /("o), /("o), •••) 

is A^6»-quasi-Cauchy. It follows from this that the sequence (/(a„)) AT^i-converges to 
/(ao). This completes the proof of the theorem. 

The converse is not always true for the function f{x) = is an example since 
the sequence (\/n) is A^e-quasi-Cauchy while (/(\/n)) = [n) is not. □ 

It is well known that any continuous function on a compact subset ^ of 5i is 
uniformly continuous on A. It is also true for a regular subsequential method G 
that any A^g-ward continuous function on a G-sequentially compact subset A of 3? 
is also uniformly continuous on A (see [6]). Furthermore, for A'g-ward continuous 

functions defined on a A^g-ward compact subset of wc have the following. 
Theorem 1 5. Let A be a Ag-ward compact subset A of 3? and let f : A — > 3? be 
a A^e-ward continuous function on A. Then / is uniformly continuous on A. 

Proof. Suppose that / is not uniformly continuous on A so that there exists an 
£0 > such that for any 5 > Q x,y € E with |a; — < 5 but |/(x) — f{y) | > £o. For 
each positive integer n, fix |a„ — < i, and |/(a„) — f{lin)\ > ^o- Since A is A'^i- 
ward compact, there exists a A^e-Quasi-Cauchy subsequence (a„^.) of the sequence 
(a„). It is clear that the corresponding subsequence {^nk) of the sequence (/3„) is 
also A^e-quasi-Cauchy, since {Pnk+i — Pnk ) is a sum of three No-imll sequences, i.e. 



Puk+i - Puk = iPuk+i - arik+i) + {auk+i - Q!nJ + {arik " Puk)- 
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On the other hand it follows from the equality an^_^-^ ~ Pn^ = OL-rik+i ^Q^n^ +ctnk ~Pnk 
that the sequence (ccrtfe+i — Puk) is -/V^-convergent to 0. Hence the sequence 

is A^g- quasi- Cauchy. But the transformed sequence 

if (am), fiPm), f{a„^), f{Pn2), f{ans), fWns), f{ank), /(^n J, •••) 

is not A^e-quasi-Cauchy. Thus / does not preserve -/Vg-quasi-Cauchy sequences. 
This contradiction completes the proof of the theorem. □ 

Corollary 16. If a function / is A^g-ward continuous on a bounded subset A of SR, 
then it is uniformly continuous on A. 

Proof. The proof follows from the preceding theorem and Theorem 5. 

□ 

Theorem 1 7. A^g-ward continuous image of any A^g-ward compact subset of SR is 
Ng-w&id compact. 

Proof. Assume that / is a A^'^i-ward continuous function on a subset A of SR, and E is 
a A^^i-ward compact subset of A. Let (/3„) be any sequence of points in f{E). Write 
Pn = f{oin) where an & E for each positive integer n. A''o-ward compactness of E 
implies that there is a subsequence (7^) = (an^) of (a„) with N0 limfc_,.oo = 0. 
Write {tk) = (/(7fc)). As / is AT^i-ward continuous, (fi'yk)) is AT^i-quasi-Cauchy. 
Thus we have obtained a subsequence {tk) of the sequence (/(oin)) with Ng — 
lim/j_,.oo Atfc = 0. Thus f{E) is A^g-ward compact. This completes the proof of the 
theorem. □ 

Corollary 18. Ng-w&rd continuous image of any compact subset of JR is A^^-ward 
compact. 

The proof follows from the preceding theorem. 
Corollary 1 9. Ng-waid continuous image of any bounded subset of 3? is bounded. 
The proof follows from Theorem 6 and Theorem 15. 
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Corollary 20. Ng-wa.Td continuous image of a G-sequentially compact subset of 
3? is A^e-ward compact for any regular subsequential method G. 

It is a well known result that uniform limit of a sequence of continuous functions 
is continuous. This is also true in case of A^e-ward continuity, i.e. uniform limit of 
a sequence of Ne-w&vd continuous functions is Ng-wavd continuous. 
Theorem 21. If (/„) is a sequence of Ne-waxd continuous functions on a subset A 
of 5i and (/„) is uniformly convergent to a function /, then / is Ne-waxd continuous 
on A. 

Proof. Let £ be a positive real number and (afc) be any A^^-quasi-Cauchy sequence 
of points in A. By uniform convergence of (/„) there exists a positive integer N 
such that \fk{x) — .f{x)\ < | for all a; G whenever k > N. As Jn is iVg-ward 
continuous on A, there exists an hq, greater than N, such that r > no implies that 
TT SfeG/ \^fN{<^k — ctfe+il < §• Thus for fc > n we have 

^ Ekeir ^ ^ Ekeir l/K) - + ^ Ekeir l/ivK+i) - /K+i)l + tt; Efee/. I/^K) - /iv(« 

-^{kr - kr-l)j + I = £ 

This completes the proof of the theorem. 

□ 

Theorem 22. The set of all A^g-ward continuous functions on a subset A of ^ 
is a closed subset of the set of all continuous functions on A, i.e. AN0WC{A) = 
ANeWC{A) where ANoWC{A) is the set of all A^g-ward continuous functions on 
A, ANeWC{A) denotes the set of all cluster points of ANeWC{A). 

Proof. The proof of this theorem is smilar to that of the preceding theorem so is 
omitted. □ 

Corollary 23. The set of all Ng-wand continuous functions on a subset A of 5i is 
a complete subspace of the space of all continuous functions on A. 



Proof. The proof follows from the preceding theorem. 



□ 
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6. Conclusion 

In this paper, new types of continuities are introduced via -/Vg-quasi-Cauchy 
sequences and strongly Cesaro quasi-Cauchy sequences, and investigated. In the 
investigation we have obtained results related to No-w&vd continuity, -/Vg-continuity, 
strongly Cesaro ward continuity, strongly Cesaro continuity, G-sequential continu- 
ity, ordinary continuity, uniform continuity, iV^-ward compactness, iVe-scquentially 
compactness, statistical ward compactness, statistical compactness, G-sequcntial 
compactness, and ordinary compactness. We also proved some inclusion theorems 
between the set of iVg- quasi-Cauchy sequences and the set of statistical quasi- 
Cauchy sequences. 

For further study, we suggest to investigate A^g-quasi-Cauchy sequences of fuzzy 
points, strongly Cesaro quasi-Cauchy sequences, and Ng-waid continuity for the 
fuzzy functions (see [9] for the definitions and related concepts in fuzzy setting). 
However due to the change in Hc;ttings, the ciefinitions and methods of proofs will 
not always be analogous to those of the present work. 
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